A vortex in cell (VIC) method for bubbly flow is proposed. It computes the time evolution of the flow by calculating the behavior of the vortex element as well as the bubble motion with the Lagrangian approach. The proposed method is also applied to simulate a bubble plume to demonstrate the validity. In a tank containing water, small air bubbles are released from the base of the tank. The bubbles rise due to the buoyant force, inducing the water flow around them. The simulation for the plume at the starting period highlights that the rising bubbles induce vortex rings at their top and that a bubble cluster appears owing to the entrainment of the bubbles into the vortex rings. The rising velocity for the top of the bubbles is proportional to the square root for the flow rate of the released bubbles, being consistent with an existing theoretical investigation. The simulation also demonstrates that the developed bubble plume having jet characteristics is successfully captured.
Introduction
Vortex in cell (VIC) method with redistribution of vortex element is successfully employed for the simulation of incompressible flow [1] . It discretizes the vorticity field with vortex elements to compute the time evolution of the flow field by tracing the convection of each vortex element through the Lagrangian approach. The Lagrangian calculation markedly reduces the numerical diffusion as well as ensures the higher numerical stability. Therefore, the VIC method is expected to be usefully employed for the direct numerical simulation (DNS) of turbulent flow [2] [3] [4] . The authors performed the VIC simulation for a turbulent channel flow in their prior study [5] . The computational domain was divided by staggered grids to ensure the consistency among the discretized equations as well as to prevent the numerical oscillation of the solution, and a correction method for vorticity was used to compute the vorticity field satisfying the solenoidal condition. The authors' simulation highlighted that the organized flow structures, such as the streaks and the streamwise vortices appearing in the near wall region, are successfully captured and that the turbulence statistics, such as the mean velocity and the Reynolds stress, agree well with the existing DNS results.
Gas-liquid bubbly flows are observed in various engineering applications, such as heat exchangers, chemical reactors and waste treatment systems. A number of numerical simulation methods have been proposed for the bubbly flow [6] . Most of the methods are of a Lagrangian-Eulerian type: Lagrangian approach is applied to simulate each bubble motion, while Eulerian methods such as a finite difference method are used for the simulation of the liquid flow.
This study proposes a simulation method, which is based on the VIC method, for bubbly flow. The method computes the time evolution of the flow by calculating the behavior of the vortex element as well as the bubble motion with the Lagrangian approach. The proposed method is also applied to simulate a bubble plume. In a tank containing water, small air bubbles are released from a square area on the base of the tank. The released bubbles rise due to the buoyant force, inducing the water flow around them. The simulated results are favorably compared with the existing theoretical investigation and numerical simulation, demonstrating the validity of the method. 
Nomenclature

Assumptions
The following assumptions are employed for the simulation. (a) The mixture is a gas-liquid bubbly flow entraining small bubbles. (b) Both phases are incompressible and no phase changes occur. (c) The mass and momentum of the gas-phase are very small and negligible compared with those of the liquid-phase. (d) The bubbles maintain their spherical shape, and neither fragmentation nor coalescence occurs.
Governing equations for bubbly flow
The mass conservation equation for the liquid-phase and that for the gas-phase are independently derived. Taking the summation of them and rearranging the resultant equation with the assumptions (a), (b) and (c), the mass conservation equation for the two-phase mixtures is obtained:
where the gas and liquid volume fractions, α g and α l respectively, satisfy the following relation:
The momentum conservation equation for the two-phase mixtures, which is also derived from the equations for each phase by the same manner as the mass conservation equation, is expressed as:
where Du u u l /Dt=∂ u u u l /∂t+(u u u l · ∇)u u u l . It is postulated that the pressure gradient force, the virtual mass force, the drag force, the gravitational force and the lift force act on the bubble. In this case, the equation of motion for the bubble is expressed by the following equation with the assumption (d) [7, 8] :
where d is the bubble diameter, and β is the density ratio (=ρ g /ρ l ). C V , C D and C L are the virtual mass coefficient, the drag coefficient and the lift coefficient respectively.
Vorticity equation and orthogonal decomposition of liquid velocity
When taking the curl of Eq. (3), the vorticity equation for the bubbly flow is obtained:
where ω ω ω is the vorticity of the liquid-phase.
According to the Helmholtz theorem, any vector field can be represented as the summation of the gradient for a scalar potential φ and the curl of a vector potential ψ ψ ψ. Thus, the liquid velocity u u u l is written as:
The velocity calculated from Eq. (7) remains unaltered even when any gradient of scalar potential function is added to ψ ψ ψ. To remove this arbitrariness, a solenoidal condition is imposed on ψ ψ ψ.
When substituting Eq. (7) into Eq. (1), the following equation is obtained:
Taking the curl of Eq. (7) and substituting Eq. (8) into the resultant equation, the vector Poisson equation is derived:
3. Vortex in cell method for bubbly flow
Discretization of vorticity field by vortex element
When φ and ψ ψ ψ are calculated by solving Eqs. (9) and (10) respectively, the velocity u u u l is computed from Eq. (7). The vorticity ω ω ω in Eq. (10) is estimated from Eq. (5). The present method based on the VIC method discretizes the vorticity field with vortex elements to calculate the distribution of ω ω ω by tracing the convection of each vortex element.
It is postulated that the position vector and vorticity for the vortex element p are x x x p (=(x p , y p , z p )) and ω ω ω p respectively. The Lagrangian form of the vorticity equation, Eq. (5), is written as:
When the position and vorticity of vortex element are known at t=nΔt, the values at t=(n + 1)Δt are computed from the Lagrangian calculation of Eqs. (11) and (12) . In the VIC method, the flow field is divided into computational grids, and ψ ψ ψ, φ and ω ω ω are defined on the grids. If ω ω ω is defined at a position x x x k (=(x k , y k , z k )), the vorticity ω ω ω is given to x x x k , or a vortex element with ω ω ω is redistributed onto x x x k .
where N v is the number of vortex elements, and Δx, Δy and Δz are the grid widths. For the redistribution function W , the following equation frequently used for single-phase flow simulation [9] is applied:
Calculation of gas volume fraction
The abovementioned grids are also used to calculate the gas volume fraction α g . It is supposed that a bubble with volume v exists in a grid. The bubble diameter is assumed to be much smaller than the grid width on the basis of the assumption (a). The gas volume fraction in the grid is given as:
The α g value calculated from Eq. (15) remains unaltered even when the bubble moves within the grid, and it changes discontinuously from α g to 0 when the bubble flows out of the grid. To overcome these problems, α g is computed by the following method.
Fig.1 Calculation of gas volume fraction
In the one-dimensional calculation, Eq. (15) yields α g =v/Δx. Defining α g on the grid points, the grid points concerning to the grid involving the bubble take the α g value, as shown in Fig. 1 (a) . This study computes the α g value on the grid point q from the following equation:
where x g is the x-coordinate of the bubble position. For the function W α , the following equation, which is the redistribution function of vortex element [1] , is employed. 
The distribution of α g calculated from Eq. (16) is shown in Fig. 1 (b) . α g varies smoothly between the grid points around the bubble, and the relation 
Applying Eq. (18) to every bubble and taking the summation on each grid point, the α g value on the grid point is obtained.
Discretization by staggered grid and correction of vorticity field
Staggered grids are used to solve φ and ψ ψ ψ so as to ensure the consistency between the discretized equations as well as to prevent the numerical oscillation [5] . Figure 2 shows the arrangement of the variations in a grid. The scalar potential φ and the gas volume fraction α g (=1 − α l ) are defined at the center. The velocity u u u l is defined at the sides, while the vorticity ω ω ω and the vector potential ψ ψ ψ are defined on the edges. To obtain the divergence-free vorticity field, the vorticity is recalculated by taking the curl of the velocity, which is computed from the vorticity field obtained with the used of Eq. (13). This correction of vorticity is performed every computational time step.
Numerical procedure
When the flow at t=nΔt is known, the flow at t=(n + 1)Δt is simulated by the following procedure: 1. Calculate the bubble motion from Eq. (4). 2. Calculate α g from Eq. (18), and compute α l from Eq. (2). 3. Calculate the time rate of change for ω ω ω from Eq. (12). 4. Calculate the convection of vortex element from Eq. (11). 5. Calculate ω ω ω from Eq. (13). 6. Calculate ψ ψ ψ from Eq. (10). 7. Calculate φ from Eq. (9). 8. Calculate u u u l from Eq. (7). 9. Correct the vorticity, or the recalculate the vorticity by taking the cur of u u u l .
Application to simulation of bubble plume
Simulation conditions
The proposed method is applied to simulate a bubble plume to demonstrate the validity. The bubble plume was studied by Murai and Matsumoto [10] with the numerical simulation. Figure 3 outlines the flow configuration. In a tank containing water, small air bubbles are successively released from a square area on the base of the tank. The bubbles rise due to the buoyant force, inducing the water flow around them. The square area, from which the bubbles are released, has a side length B of 25 mm. The horizontal cross-sectional area of the tank is 4B×4B, and the height of water is 16B. The computational domain (4B×4B×16B) is resolved into 40×40×160 rectangular grids. The time increment Δt is set at u gt Δt/B=4.18×10 −3 so as to satisfy the CFL condition. The second-order Adams-Bashforth method is applied for the Lagrangian calculation of vortex element and bubble.
The bubbles are released from the base of the tank. The released velocity is set at zero. The releasing position is determined by using random numbers. The bubble diameter d obeys the Gaussian distribution; the mean and the standard deviation are 0.4 mm and 0.04 mm respectively. The number of released bubbles is specified to satisfy the bubble volume fraction α g0 just above the releasing area. The virtual mass coefficient C V and the lift coefficient C L are 0.5. The drag coefficient C D is given by the following equation:
where Re b is the bubble Reynolds number (=d|u u u g − u u u l |/ν l ). Murai and Matsumoto [10] derived Eq. (19) by combining a theoretical equation of Moore [11] and an equation for the Stokes' drag, and they simulated the bubble plume with Eq. (19).
The release of bubble into quiescent water is commenced at t=0. Thus, the water velocity at t=0 is zero. On the tank wall, the velocity normal to the wall is zero, and the relation ∇ · ψ ψ ψ=0 should be satisfied. Thus, the tangential component of ψ ψ ψ and the normal derivative of the normal component are zero. The non-slip condition on the wall is realized by imposing the velocity on the grid points located outside the wall. These boundary conditions, for example at y=±2B, are expressed as:
where ω x and ω z are determined with a second-order central difference scheme by using the velocities on the grid points located inside and outside the wall.
The upper boundary corresponds to the free-surface. This simulation ignores the deformation and imposes a boundary condition that the velocity gradient is zero normal to the boundary:
Simulation results
The time evolution for the bubble distribution is presented in Fig. 4 , where α g0 =0.02. Just after the commencement of the bubble release (t * =40), the rising bubbles form a cluster of a mushroom shape at their top. This is because the rising bubbles induce vortex rings, and accordingly they are entrained into the vortex rings, as explained later. Such bubble cluster is known to appear in the starting period of a plume. Murai and Matsumoto [10] also simulated the similar bubble cluster. At t * =80 and 120, the bubbles released from the base of the tank follow the rising cluster. When t * ≥200, the bubbles rise almost vertically until the height z=6B, and they disperse markedly in the horizontal direction above the height, indicating the appearance of a fully-developed bubble plume. The top of the plume is affected by the upward water flow induced by the rising bubbles, and therefore the rising velocity is larger than the bubble terminal velocity in quiescent water u gt . According to the theoretical investigation of Caballina et al. [12] , the rising velocity of the plume top U p is proportional to the square root of the bubble flow rate Q g . Figure 5 shows the relation between the simulated U p /(gB) 1/2 and α g0 . The velocity U p heightens with increasing α g0 , and the relation of U p ∝α 1/2 g0 is nearly derived. Since α g0 ∝Q g , it is found that the present result is parallel with the investigation of Caballina et al. [12] . The water velocity distribution on the x-z plane passing through the plume centerline is presented in Fig. 6 , where the results at the same time points as Fig. 4 are depicted. When t * ≤120, an upward water flow appears on the centerline, and eddies having various scales occur around the rising bubble cluster. At t * ≥200, a core region exists on the centerline at the height z≤6B, and the flow diffuses greatly in the horizontal direction above the height. These demonstrate the appearance of a water flow having jet characteristics.
To depict the vortical structure more directly, the second invariant of the velocity gradient tensor, Q, is used. Figure 7 shows the time evolution for the iso-surface of Q/(g/B)=0.005. Vortex rings are observed around the plume centerline at t * =40. They involve the bubbles and form the bubble cluster as presented in Fig. 4 . The vortex rings deform with their rise, and they change into smaller vortex tubes. When the water flow with jet characteristics appears (t * ≥200), the vortex tubes, which are complicatedly entangled, are visualized at z≥8B. One can grasp the occurrence of a vortical flow which is composed of the vortex tubes with various scales. Figure 8 shows the iso-surfaces of the vertical component of the vorticity ω z at the same time points as Fig. 7 . In the developed region (z≥8B), a three-dimensional vortical flow is simulated, in which pairs of negative and positive vortex tubes entangle. The time variation for the vertical component of the water velocity on the plume centerline is presented in Fig.  9 , where α g0 =0.02. The variations of U 1 and U 2 at z=4B and 14B respectively are plotted, where U 1 and U 2 are the velocities in the core and developed regions respectively. The velocity U 2 is much smaller than U 1 . This is because the water momentum diffuses markedly in the horizontal direction. The amplitude and period of U 2 are much larger. Because they are affected by the large-scale eddies.
Conclusions
A simulation method for bubbly flow is proposed. It is based on the vortex in cell (VIC) method, of which accuracy for single-phase flow simulation was successfully confirmed through the DNS of a turbulent channel flow in the authors' prior study. The proposed method is applied to simulate a bubble plume. In a tank containing water, small air bubbles are successively released from a square area on the base of the tank. The bubbles rise due to the buoyant force, inducing the water flow around them. The simulation for the plume at the starting period highlights that the rising bubbles induce vortex rings at their top and that a bubble cluster of a mushroom shape appears owing to the entrainment of the bubbles into the vortex rings. This indicates that the transient bubbly flow, which is known to occur in a plume at the starting period, is successfully simulated by the method. It is also confirmed that the rising velocity for the top of the bubbles is proportional to the square root for the bubble flowrate, being consistent with an existing theoretical investigation. For the developed bubble plume, the core region of the water flow is simulated, and the complicated three-dimensional vortical flow composed of vortex tubes with various scales is computed above the core region. These indicate that the bubble plume having jet characteristics is favorably simulated by the proposed method.
